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We propose bulk duals for certain coarse-grained entropies of boundary regions.
The ‘one-point entropy’ is defined in the conformal field theory by maximizing the
entropy in a domain of dependence while fixing the one-point functions. We con-
jecture that this is dual to the area of the edge of the region causally accessible to
the domain of dependence (i.e. the ‘causal holographic information’ of Hubeny and
Rangamani). The ‘future one-point entropy’ is defined by generalizing this conjec-
ture to future domains of dependence and their corresponding bulk regions. We show
that the future one-point entropy obeys a nontrivial second law. If our conjecture
is true, this answers the question “What is the field theory dual of Hawking’s area
theorem?”
∗ wkelly@physics.ucsb.edu
† aronwall@physics.ucsb.edu
ar
X
iv
:1
30
9.
36
10
v3
  [
he
p-
th]
  1
 A
pr
 20
14
2CONTENTS
1. Introduction 3
2. Causal holographic information: A brief review 5
3. Coarse-grained entropies 7
3.1. Definition 7
3.2. A correspondence principle 9
3.3. General properties 11
4. The one-point entropy 13
4.1. Definition of the one-point entropy 13
4.2. Properties of the one-point entropy 14
4.3. Comparison with other coarse-grained entropies 20
4.4. Possible tests of S(1) = χ 23
5. The future one-point entropy 27
5.1. Motivation and definition 27
5.2. Properties of the future one-point entropy 29
5.3. Generalization to arbitrary boundary regions 32
6. Discussion 33
Acknowledgements 35
A. χ-preserving coarse grainings 35
B. Boundary sources 36
References 37
31. INTRODUCTION
The AdS/CFT correspondence predicts that the effective degrees of freedom of certain
conformal field theories (CFT’s) in the large N limit are the same as the degrees of freedom
of classical supergravity [1]. Despite many nontrivial tests of the correspondence, the precise
way in which local interactions emerge in the large N limit of strongly coupled CFT’s is not
fully understood. What is known is that locality in the holographic dimension is intimately
connected with the locality of the renormalization group (RG) flow in the CFT [2–5]. From
a Wilsonian point of view, this suggests that the emergence of locality in the bulk theory is
related to some kind of coarse graining in the CFT.
One technical difficulty with making this idea precise is choosing an appropriate regula-
tor to cut off the high energy modes. This problem is particularly difficult in the physically
correct Lorentz signature. There the elimination of highly boosted modes normally requires
sacrificing either Lorentz invariance (e.g. with a hard energy cutoff), or else positivity of
the inner product (e.g. Pauli-Villars [6]). On the other hand, the bulk theory is Lorentz-
invariant, and presumably has positive probabilities. Thus, although there is detailed qual-
itative agreement between the dependence of fields in the radial direction, and the RG flow
of the field theory, a comprehensive framework relating the two is lacking.
Similar problems arise in the context of thermodynamics. In order to obtain a nontrivial
second law of thermodynamics, one needs to define a coarse-grained entropy. As with the
renormalization group flow, there are multiple possible coarse graining procedures. Which
one you choose affects the exact results for quantities like the entropy, introducing an element
of subjectivity. One hopes that in the thermodynamic limit, the choice does not matter at
leading order. But gauge/gravity duality suggests that (at least in the large N limit) there
may be a particular coarse graining procedure which has especially nice properties, due to
its relation to bulk locality.
In this article we will explore the relation between coarse graining of the CFT and bulk
locality. Rather than focusing on the RG flow, we will study the localization of information
in the CFT by attempting to relate coarse-grained entropies in regions of the CFT to areas
of bulk surfaces.
We take inspiration from the Ryu-Takayanagi conjecture (and its later generalization by
Hubeny, Rangamani, and Takayanagi) which relates the fine-grained von Neumann entropy
4of a piece of the boundary to the area of minimal or extremal/maximin surfaces in the bulk
known as the holographic entanglement entropy [7–10]. This conjecture has been validated
in every case in which we have control over the calculations on both sides of the duality
and significant progress has been made towards a proof [11–16]. Work has even begun on
explicit constructions of the bulk geometry from the holographic entanglement entropy of
arbitrary boundary regions [17–22]. Here we will propose a similar conjecture, but using a
coarse-grained entropy of a boundary region, in place of the von Neumann entropy.
More recently Hubeny and Rangamani proposed a new quantity χA which they called
the “causal holographic information” [23–25]. This quantity is equal to the area of a co-
dimension two surface in the bulk that is defined by its casual relation to a boundary region
A. For a host of reasons Hubeny and Rangamani conjectured that χ quantifies some aspect
of the information content of the associated boundary domain of dependence.1 We will
present evidence that, for source-free boundary theories, χ is dual to a particular coarse-
grained entropy S(1). We will refer to S(1) as the ‘one-point entropy’, because it depends
only on the one-point functions of local operators in the domain of dependence of A.
We also propose a second duality between a coarse graining S(1) (the ‘future one-point
entropy’) and a bulk quantity φ (the ‘future causal information’). These quantities are
natural generalizations of S(1) and χ, but have the appealing new property that they can
increase during processes which involve thermalization in the CFT (corresponding to horizon
formation in the bulk). If this new conjecture is correct, the thermodynamic second law
obeyed by S(1) is dual to the area theorem in general relativity [28], as applied to causal
horizons of the form ∂J−(Z) where Z is some set of points on the boundary of AdS and ∂J−
is the boundary of the causal past.2 In this way we propose a precise connection between
Hawking’s area theorem and the thermalization of a quantum mechanical system.
In section 2 we briefly review the definition of the causal holographic information and
establish our notation. In section 3 we define a class of coarse-grained entropies and explore
their general properties. In section 4 we define the one-point entropy S(1) and present
evidence for the conjecture that S(1) = χ (for source-free boundary theories). We also
comment on the uniqueness of our proposal and the prospects for precision tests. In section 5
we define the future causal information φ and the future one-point entropy S(1) and present
1 See also [26, 27] for other approaches to understanding the information contained in boundary regions.
2 This generalizes the notion of ‘causal horizon’ defined by Jacobson and Parentani [29], whose definition
would require Z to be just one point.
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FIG. 1. A sketch of the causal wedge construction of [23]. D[A] is the boundary domain of
dependence of A and ΞA extends into the bulk (see text).
evidence that they are also dual to each other (for source-free boundary theories). Finally,
in section 6 we conclude by summarizing our results and commenting on the prospects of
extending our conjectures to the semiclassical regime.
Appendix A presents two illustrative examples of failed proposals for the dual of χ, and
appendix B constructs a counterexamples to our conjecture, in the case where boundary
sources are allowed.
Whenever possible we adopt the notation of [23] (see section 2 for a review) with the
exception that we use D±[A], J±[A] to refer to the boundary future (past) domain of depen-
dence and domain of influence and D±bulk[A], J±bulk[A] to refer to the associated bulk regions.
2. CAUSAL HOLOGRAPHIC INFORMATION: A BRIEF REVIEW
In this section we briefly review the definition of causal holographic information χ. See
[23–25] for additional details. We emphasize that for our purposes, χ is only well-defined on
classical geometries (i.e. in the strict N →∞ limit).
Consider a closed spatial region A on the boundary CFT of an asymptotically AdS
spacetime.3 We assume that A is achronal (i.e. no timelike curves pass through it more
than once), and codimension-one on the boundary. The region A defines a causal domain of
dependence D[A] = D+[A]∪D−[A], where D±[A] is defined as the collections of points p for
which any infinitely extended timelike curve must intersect A to the past (future) of p [30].
3 Since we are restricting to source-free boundaries, we only consider the case in which the boundary is
conformally flat. But perhaps it is possible to generalize to static boundary geometries.
6The boundary domain of dependence D[A] defines a bulk causal wedge:
A = J+bulk[D[A]] ∩ J−bulk[D[A]], (2.1)
where J±bulk[A] is the future (past) of D[A] in the bulk. In other words any point p in A
lies on at least one causal curve that begins and ends in D[A] (see Fig. 1).
Even though the topology of A may be nontrivial [25], the boundary of A can be
written as
∂ A = ∂+A ∪ ∂−A, (2.2)
where ∂±A are future (past) horizons anchored to the future (past) boundary of D[A].
These null surfaces intersect in a co-dimension two surface
ΞA = ∂+A ∩ ∂−A, (2.3)
known as the ‘causal information surface’ from which we calculate the causal holographic
information:
χA =
Area[ΞA]
4GN
, (2.4)
where GN is Newton’s constant.
Equation (2.4) is reminiscent of the definition of the HEE:
SA =
Area[EA]
4GN
, (2.5)
where EA is defined as the minimum area extremal surface homologous to A [9] or equiva-
lently as the maximin surface as described in [10]. We mention here, since it will come up
many times in our later analysis, that it has been shown in [10, 23] that
SA ≤ χA (2.6)
for smooth spacetimes satisfying the null energy condition which we will assume throughout,
since we are concerned with supergravity theories arising in AdS/CFT, for which the null
energy condition holds classically.
Throughout this paper we will assume that the Ryu-Takayanagi conjecture is true. More
precisely we assume that the order N2 contribution to the von Neumann entropy of the
7reduced density matrix on ρA is equal to SA.4 Since we will only ever be interested in the
N →∞ limit (see section 3.2 below) we will avoid introducing a new symbol and simply let
SA(ρA) = −Tr[ρA log(ρA)]. (2.7)
Note that the entanglement entropy is divergent, as is the area of EA. In principle, one
should figure out what is the precise numerical relationship between the two cutoffs, in
order to compare the bulk and boundary quantities using the UV/IR correspondence [39].
Since this is difficult, it is more usual to cut off both quantities independently, and then to
compare only quantities which are independent of the cutoff procedure [7, 13]. This includes
logarithmic divergences and certain finite terms. Note also that the divergences are state
independent (at least for regular states), so universal information can also be extracted by
comparing states.
Presumably, a similar procedure should be used for χA and S
(1)
A . However, unlike EA,
the divergences in the area of ΞA depend on the choice of A in a nonlocal way [40]. We will
comment briefly in section 4.4 on the plausibility of S
(1)
A and χA having matching divergences.
Note that because χ and S differ in their divergences, inequalities such as SA ≤ χA typically
reduce to a statement comparing the coefficients of their leading-order divergences.5
3. COARSE-GRAINED ENTROPIES
3.1. Definition
For the purposes of this paper a coarse-grained entropy is calculated by maximizing
the von Neumann entropy subject to some set of constraints. More precisely, we define a
coarse-grained entropy SA associated with boundary region A to be (cf. [41])
SA(ρA) = sup
τA∈TA
[SA(τA)] (3.1)
4 Here we gloss over subtle questions involving how to define local observables in a gauge theory, and
whether there are additional “contact terms” besides the entanglement entropy which should be included
in the definition of SA [31–38].
5 This requires that the quantities be regulated in a manner consistent with the proof; for example theo-
rem 14 of [10] compares the surfaces Ξ and E using the second law, so the two surfaces must be regulated
in such a way that the second law can be used.
8where ρA is the reduced density matrix associated with A, SA(τA) is the von Neumann
entropy of τA, and TA(ρA) is the set of all density matrices τA which satisfy the constraints
Tr[Om τA] = Tr[OmρA] (3.2)
where the {Om} are a set of operators supported in D[A]. Different coarse-grained entropies
differ only in the choice of constraints.
We will call the density matrix σA ∈ TA that maximizes the von Neumann entropy the
“coarse graining” of ρA, so that
SA(ρA) = SA(σA). (3.3)
This coarse-grained state must be unique, since if we had two candidate states with equal
entropy σ
(1)
A and σ
(2)
A , then by convexity of the von Neumann entropy we could construct a
higher entropy state σA = (σ
(1)
A + σ
(2)
A )/2. According to [41] the general solution to (3.1) is
(even when the Om are not mutually commuting)
σA = Z−1 exp
(
−
∑
m
λmOm
)
, (3.4)
where λm are Lagrange multipliers determined by solving (3.2) and the normalization con-
stant Z is the partition function. In other words σA is a sort of generalized ensemble in
which the λm play the role of chemical potentials.
It will be useful in the following discussion to characterize coarse grainings by their relative
strengths as follows. Consider two entropies S˜ and S¯ as defined above with different sets
of constraints. If the constraints of S˜ are a proper subset of the constraints of S¯ (so that
T¯ ⊂ T˜ ) then we say that S˜ is a stronger coarse graining than S¯ and we use the notation
S¯ ≺ S˜.6 This implies that
S¯A(ρA) ≤ S˜A(ρA), (3.5)
for all states ρA, where equality holds if and only if σ˜A ∈ T¯ (ρA). Finally, if for two coarse
grainings Sˆ and S¯ neither set of constraints is a subset of the other, then we say that Sˆ and
S¯ are incomparable and we use the notation Sˆ ‖ S˜.
For future reference we prove a mathematical result that holds for all S:
6 Note that when the constraints are weaker, the coarse graining is “stronger”, in that one is forgetting
more about the state. The weakest possible coarse graining is simply the fine-grained entropy S, which
involves constraining all information about the state.
9(L1) For any positive definite, Hermitian density matrix we may, without loss of generality,
write
ρA = Z−1 exp(−βH). (3.6)
The operator H is known as the modular Hamiltonian associated with ρA and is gen-
erally non-local except in a few special cases, β is a number, and Z = Tr[exp(−βH)].
If H is one of the constraint operators associated with S, (i.e. H ∈ {Om}) then
SA(ρA) = SA(ρA). (3.7)
The proof is as follows: The state ρA maximizes the entropy subject to a subset of
the constraints (namely the constraint associated with 〈H〉), but adding additional
constraints can only lower the entropy, therefore
SA(ρA) ≤ SA(ρA). (3.8)
However, ρA satisfies all of the constraints (3.2); therefore by virtue of the maximiza-
tion condition in (3.1) we also have
SA(ρA) ≥ SA(ρA), (3.9)
and thus we obtain (3.7).
3.2. A correspondence principle
Whereas the coarse-grained entropies S are defined for all reduced density matrices ρA, χ
is defined only on classical spacetimes. This means that any correspondence between some
S and χ must be restricted to the large N limit of the dual field theory. More precisely we
define the correspondence limit of a coarse-grained entropy by calculating S at finite N and
retaining only the order N2 term as we formally take the N → ∞ limit. We will work in
the general relativity limit, in which the bulk Newton’s constant GN remains finite as the
string and Planck lengths vanish. Of course, it would be of interest to extend the definition
of χ into the semiclassical regime perhaps using the generalized entropy [42] as inspiration
(see [43] for an extensive review) and compare subleading corrections; however we will not
pursue that idea in this work except for brief comments in section 6.
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FIG. 2. When C is a Cauchy surface χC is calculated from the area of ΞTC . B±T are slices of a
foliation of boundary Cauchy surfaces and ΞTC is the intersection of their respective past and future
horizons. This construction addresses non-perturbative late time quantum effects such to Poincare´
recurrences and black hole evaporation.
Of course not every density matrix is dual to a classical geometry in the bulk. We will
therefore be particularly interested in density matrices which define a bulk causal wedge A
in the dual description. We will call any such density matrix a “classical state.” Note that
if ρA is classical it is not clear that the coarse-grained state σA must also be classical.
A subtlety arises when C is a Cauchy surface of the boundary, i.e. when D[C] is the
entire boundary. In this case, the field theory states will experience Poincare´ recurrences
and other large fluctuations over times of order exp(N2). These fluctuations and recurrences
allow thermal states to be reconstructed simply by waiting an extremely long time. It is
therefore appropriate that in the correspondence limit we monitor the constraints (3.2) only
over times that are parametrically larger then any scale in the classical spacetime, while still
being parametrically smaller than exp(N2).
More precisely we define SC by introducing a foliation of Cauchy surfaces Bt and replacing
D[C] with region bounded by B−T and BT . We then take T → ∞ as N → ∞ while
maintaining T  exp(N2).7 On the bulk side we use the same foliation Bt of the boundary
to define the family of surfaces (see Fig. 2)
ΞTC = ∂+(J
−
bulk[BT ]) ∩ ∂−(J+bulk[B−T ]), (3.10)
7 or using the much shorter black hole evaporation time for spacetimes with sufficiently small black holes.
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and we define the causal holographic information of the Cauchy surface C as
χC = lim
T→∞
Area
[
ΞTC
]
4GN
. (3.11)
One consequence of taking the correspondence limit is that it is possible for coarse grain-
ings which are different at finite N to agree to order N2 for all classical states as we take
N → ∞. We will say that any two such coarse grainings are “equivalent” and we will use
the symbol S¯ ≡ S˜.8 We will often only be interested in classifying coarse-grained entropies
as stronger or weaker up to this equivalence relation.
3.3. General properties
We now list a few general properties that hold for all coarse-grained entropies S.
(A1) The coarse-grained entropy of A depends only on the domain of dependence
D[A]: In particular, if there are two regions A and B for which D[A] = D[B] then
ρA = ρB and SA(ρA) = SB(ρB). This property follows trivially from the definition of
SA(ρA) and unitarity. The analogous result χA = χB also follows trivially from the
definition of χ.
(A2) Coarse graining can only increase the von Neumann entropy: By virtue of
the maximization condition in our definition of SA
SA(ρA) ≥ SA(ρA). (3.13)
This property echoes the result of [10, 23] that χA ≥ SA.
(A3) The coarse-grained entropy is the entropy of the coarse-grained state: Given
some state ρA, if τA is any state which satisfies the constraints (3.2) (i.e. τA ∈ TA(ρA))
and σA is the coarse graining of ρA then
SA(ρA) = SA(τA) = SA(σA) = SA(σA). (3.14)
8 This fact suggests a more general class of coarse grainings. One could replace the constraint (3.2) with
|Tr[OmτA]− Tr[OmρA]| < cmN1−km , (3.12)
where cm, km are positive constants. It is then possible that these generalized coarse grainings would
agree with our coarse grainings S in the correspondence limit, but differ for finite N . Coarse grainings
of this type could play an important role in future investigations of the semiclassical regime. For now,
however, we will only use constraints of the form (3.2) because we are uncertain how to choose cm and
km. We thank Don Marolf for pointing this out.
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From these simple facts we learn two things. First, if a coarse-grained entropy S is dual
to χ then it must have the property that for any classical state ρA
χA(ρA) = χA(τA), (3.15)
where τA is any other classical state in TA(ρA). We call any coarse graining which satis-
fies (3.15) a ‘χ-preserving coarse graining.’ Second, if S is a χ-preserving coarse-graining
and ρA is a classical state for which the coarse-grained state σA is also classical then
SA(ρA) ≤ χA(ρA). (3.16)
The conjunction of these results gives an even more useful result. Let S¯ and S˜ be two
χ-preserving coarse grainings and let S¯ ≺ S˜. Now let R˜ be the set of classical states which
are mapped to classical coarse-grained states under the coarse graining S˜. We say that S˜ is
a ‘classical coarse graining’ on R˜ and it follows that for any ρA ∈ R˜
S¯A(ρA) ≤ S˜A(ρA) ≤ χA(ρA). (3.17)
This implies that S¯ cannot be dual to χ unless S¯(ρA) = S˜(ρA) for all ρA ∈ R˜. In other
words, if S˜ is dual to χ it must be (at order N2) as strong as possible over the states R˜.
This would imply that, up to equivalence, S˜ would have to be the unique maximally-strong
coarse graining over R˜, among those which are χ-preserving and classical.
The restriction that S˜ be as strong as possible only over the states R˜ is a little unwieldy
since the definition of R˜ depends on S˜. So, it is natural to ask if the restriction to R˜ can
simply be dropped, meaning that we would look for the strongest possible χ-preserving
coarse graining. The answer is no, as we show in Appendix A. Given the importance of
this restriction, it is interesting to consider χ-preserving coarse grainings which map all
classical states to classical coarse-grained states. (An example of such a coarse graining
is the fine grained entropy S which preserves the entire state.) These completely classical
coarse-grained entropies are particularly convenient to work with because in principle all
of their properties can be derived by studying boundary value problems in classical general
relativity. While it is still logically consistent that χ is dual to a non-classical coarse graining,
our intuition is that χ is dual to the strongest χ-preserving coarse-grained entropy which
always maps classical states to classical coarse-grained states.
In section 4 we will define the one-point entropy S(1) and argue that it is the strongest,
classical χ-preserving coarse graining, at least in a particular perturbative context.
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4. THE ONE-POINT ENTROPY
In this section we define a particular coarse-grained entropy which we call the ‘one-
point entropy’ S(1), and present evidence that it is dual to χ for theories without boundary
sources (see appendix B). We will then compare the one-point entropy to other coarse-grained
entropies, and indicate some potential future tests of our conjecture.
4.1. Definition of the one-point entropy
The constraints {Om} of S(1)A are the one-point functions of all gauge-invariant, local CFT
operators supported on D[A].
Since we will only be testing our conjecture S(1) = χ in the classical correspondence limit,
many of the one-point CFT operators in {Om} do not play much of a role. This includes:
• Fermionic operators, because fermions anticommute and therefore it is difficult to
make sense of them in the classical limit;
• Multi-trace operators, because the asymptotic boundary values of the classical fields
can be determined from the single-trace operators alone;
• Operators whose dimension is parametrically large in N, because these correspond to
very massive objects in the bulk, which are not contained in the classical supergravity
field theory limit.
It is not clear to us whether operators like these should be included or excluded. Possibly
it makes no difference at order N2, in which case either choice would lead to equivalent
coarse grainings.9 For the sake of definiteness, we define S(1) to include constraints from all
one-point functions. However, the reader should bear in mind the other possibilities.
The AdS/CFT dictionary states that the single-trace one-point functions are given by
〈Om(x)〉 = s√−g
δSren
δϕ˜(x)
, (4.1)
where g is the determinant of the boundary metric gµν , ϕ˜ is an appropriately conformally
rescaled bulk field, s is a conventional constant, and Sren is the renormalized action which
9 But one would have to make a definite choice if one tried to extend the conjecture to the semiclassical
regime, as discussed in section 6.
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includes the boundary counterterms required by the prescription of [44, 45] (see [46] for a
review). For example, the one-point functions of the stress tensor are given by
〈T µν(x)〉 = 2√−g
δSren
δgµν(x)
, (4.2)
with similar relations holding for all of the other bulk fields. These relations allow us to
express the constraints as a set of conditions on the asymptotic behavior of the bulk fields
in A.
4.2. Properties of the one-point entropy
We now list some properties of the one-point entropy S(1) (beyond those in section 3.3
which apply to all coarse grainings) that make it a promising candidate for the dual of χ.
(B1) The one-point entropy is additive for spacelike separated regions: Consider
two spacelike separated boundary regions A and B for which D[A]∩D[B] = ∅. (Note
that because these domains are closed, D[A] and D[B] cannot even touch at their
boundaries.) Consider the state ρA ⊗ ρB. This state is not in general the same state
as ρA∪B, because the correlations between A and B have been removed. However,
since the constraints (3.2) only involve local operators, correlations between the two
regions will not contribute to any of the expectation values of local operators, so the
constraints factorize. Thus, σA∪B = σA ⊗ σB and we obtain
S
(1)
A∪B = S
(1)
A + S
(1)
B . (4.3)
Now by boundary causality on the CFT, we know that there are no timelike or null
causal curve connecting D[A] and D[B] in the bulk. Hence the bulk causal wedges do
not “interact” and the causal holographic information obeys
χA∪B = χA + χB. (4.4)
A similar observation for a related proposal was previously made in [40] (see section 6
for further discussion).
This is a special property of the one-point entropy. A coarse-graining S(n) which
included the effects of higher n-point functions would not in general be additive, since
it would be sensitive to correlations between two nearby regions A and B.
15
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FIG. 3. A causal diagram of the geon spacetime described in the text. Σgeon is a bulk Cauchy
surface, C is a boundary Cauchy surface and B is the bifurcation surface of the geon.
(B2) The one-point entropy of a pure state does not always vanish: Consider a
thermal state ρthermal with finite temperature β > 0. A pure state |ψ〉 for which
〈Om〉|ψ〉〈ψ| = 〈Om〉ρthermal , (4.5)
will have the property that for any Cauchy surface C we have S(1)C (|ψ〉 〈ψ|) > 0. Note
that we must use the limiting procedure described in section 3.2 to exclude Poincare´
recurrences or other large quantum fluctuations from our analysis.
An interesting example of such states are topological geons [47]. The simplest geon
solution is constructed by cutting off a t = 0 slice of AdS-Schwarzschild at the bifurca-
tion surface B and then identifying antipodal points on B to heal the geometry. Call
the resulting surface Σgeon. The maximal evolution of Σgeon is a spacetime that has
AdS-Schwarzschild as its universal covering space (see Fig. 3). In D = 4 spacetime
dimensions this geometry is called a RP3 geon because its spatial slices have topology
RP3 − {O} where O corresponds to spatial infinity (see e.g. [48]).
Now we will show that the CFT state ρgeon associated with this geometry is a pure
state by calculating SC(ρgeon), where C is a Cauchy surface of geon boundary. The
HRT proposal tells us that we must find the minimum-area extremal surface EC that
is homologous to C. As with AdS-Schwarzschild there are two candidate extremal
surfaces: the empty set (with zero area) and the bifurcation surface (with finite
area). In AdS-Schwarzschild only the bifurcation surface is homologous to C; therefore
SC(ρthermal) = SBH (where ρthermal is the dual CFT state and SBH is the Bekenstein-
Hawking entropy). But in the geon spacetime, the empty set is also homologous to C;
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therefore SC(ρgeon) = 0 (see also [49]).
Next we calculate S
(1)
C (ρgeon). By construction the geon spacetime is isometric to
AdS-Schwarzschild in the exterior of the horizon. It then follows trivially from the
AdS/CFT dictionary (4.2) that the one-point functions of ρgeon and ρthermal are equal.
Therefore, by (A3) we have
S
(1)
C (ρgeon) = SC(ρthermal) = SBH . (4.6)
Now on the bulk side, when we calculate χC(ρgeon) using the limiting procedure
of (3.11) we also obtain χC = SBH = S
(1)
C (ρgeon). Again this follows trivially from
the fact that the geon spacetime is isometric to AdS-Schwarzschild in the exterior of
the horizon.10 It is intriguing that this calculation relies crucially on the fact that S
depends on the global topology of the spacetime but χ does not.
The state ρgeon also provides an important counterexample useful for excluding coarse
grainings weaker than S(1) (see section 4.3 below). We will now show that the states
ρgeon and ρthermal have different two-point functions. Therefore a coarse graining
S(2) which constraints all one- and two-point function would have S(2)(ρgeon) < SBH
by (3.5).
Consider two points x, y on the boundary of the geon spacetime. In the free field
limit, the two-point function is due to Witten diagrams which begin at x and end
at y in position space. Now because the geon is a quotient of AdS-Schwarzschild, it
includes not only the Witten diagrams of AdS-Schwarzschild, but also noncontractable
Witten diagrams which wrap around the nontrivial topology and make an additional
contribution to the two-point function. Therefore the two point functions of ρgeon and
ρthermal are not equal.
11
(B3) For pure states, the one-point entropy of a region is generally not equal
to the one-point region of the complementary region: This property follows
immediately from (B2) since for any Cauchy surface C, S(1)CC = 0 but it was just shown
10 Note that had we not used (3.11) we would have incorrectly obtained SBH/2 since the antipodal identifi-
cation of the bifurcation surface effectively halves its area. This quotient does not change the area of any
other surface of the horizon, so the limit in (3.11) does not know about this discontinuity in the area.
11 See [50] for explicit calculations showing that physical detectors placed outside of the horizon register the
difference between the states ρgeon and ρthermal.
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that for some pure states S
(1)
C > 0. More generally if we take an arbitrary region A
and act with an arbitrary unitary operator supported only in AC we do not change
S
(1)
A , but will generally change S
(1)
AC because the one-point functions are not invariant
under unitary transformations.
Similarly, it was shown in [23] (by applying the Gao-Wald focusing theorem [51]) that
generally χA 6= χAC for arbitrary regions A.
(B4) The one-point entropy reduces to the fine-grained entropy for states which
are thermal with respect to geometric flows: This fact is of particular interest
because Hubeny and Rangamani conjectured that χA = SA if ρA is thermal [23].
By (L1), our proposal reproduces this result whenever the modular Hamiltonian (as
defined in (L1)) of ρ is a linear combination of local operators.12 This happens to be
true for all known cases in which χA = SA. The known cases are
• Spherical regionsA in the vacuum state ρvacuum of a CFT. In this case the modular
Hamiltonian of ρA is a diffeomorphism generator, and therefore a linear function
of Tµν [13].
• Spherical regions A of the rotating BTZ geometry. A change of coordinates maps
the BTZ wedge A onto a wedge to the AdS geometry and the previous argument
applies.
• Certain eternal black holes (including charged and dilatonic black holes) are also
dual to thermal states of the entire CFT. The modular Hamiltonian is simply a
linear combination of global charges of the spacetime and therefore S
(1)
C = SC =
SBH = χC, where C is a Cauchy surface. (This shows that we need our coarse
graining to constrain, not just the one-point function of the boundary stress-
energy tensor Tµν , but also the CFT operators which are dual to the bulk dilaton
and gauge fields.)
(B5) The one-point entropy is bounded by a thermal entropy: For any region A
S
(1)
A (ρA) ≤ SA(ρthermal), (4.7)
12 See section 4.3 for comparison with the results of [40].
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where
ρthermal = Z
−1 exp(−βρH). (4.8)
In the previous expression H ∈ {Om} and βρ is a constant chosen so that 〈H〉ρA =
〈H〉ρthermal .
To see this note that ρthermal maximizes the entropy subject to what amounts to a
subset of the constraints (3.2), and imposing additional constraints cannot raise the
entropy. Furthermore, by (L1) S
(1)
A (ρthermal) = SA(ρthermal) so we obtain (4.7).
Now in the case of a Cauchy surface of an eternal black hole spacetime which is dual
to a thermal state, the modular Hamiltonian H is a linear combination of energy,
angular momentum, and other global charges. In this case, (B4) implies that (4.7) is
saturated, so our proposal requires that black holes which are dual to thermal states
always maximize their area subject to the constraint of fixed energy and other global
charges.
(B6) The one-point entropy is invariant under alterations to the dual spacetime
outside the causal wedge: Consider some boundary region A with a classical re-
duced density matrix ρA dual to a bulk causal wedge A. Now consider an alteration
of the bulk spacetime which leaves the casual wedge of A unchanged, but which is not
necessarily small anywhere else. Such an alteration will produce a new reduced density
matrix τA, which is in general not equal to ρA. To see this, note that for generic space-
times the extremal surface EA lies outside of A [10, 23]. Therefore it is possible for a
modification of the spacetime outside of A to change the fine grained entropy, so that
SA(τA) 6= SA(ρA). Now it follows immediately from the AdS/CFT dictionary (4.1)
and the locality of the bulk theory that any such perturbation will not change the
one-point functions in D[A]. Therefore τA ∈ TA(ρA), so S(1)A (τA) = S(1)A (ρA).
By construction we have not modified the causal wedge A so it immediately follows
that χA(τA) = χA(ρA).
(B7) The one-point entropy is χ-preserving in perturbation theory: Whereas (B6)
showed that perturbations which do not alter A (and therefore χA) preserve the one
point functions, here we show a limited converse: that small perturbations which do
not alter the one-point functions preserve A and therefore χA.
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FIG. 4. A sketch of the setup described in (B8). The spacetime is perturbatively close to vacuum
AdS for a sufficiently long time Tpert that a bulk Cauchy surface Σ can be reconstructed from the
boundary one-point functions.
The problem of reconstructing the bulk given boundary data in asymptotically AdS
spacetimes has been extensively studied [52–59]. In the linearized bulk theory the
boundary data in A is sufficient to reconstruct the fields in A; this construction can
also be extended to the full nonlinear theory order-by-order in the interaction strength
√
GN [58, 59]. In the correspondence limit, this boundary data reduces to one-point
functions; therefore in the classical, perturbative regime, A can be reconstructed from
the one-point functions in D[A].
Now consider two states ρA and τA which are perturbatively close to one another and
have the same one-point functions. Because they have the same one-point functions
it follows immediately that S
(1)
A (ρA) = S
(1)
A (τA). Now in the bulk theory, the one-
point functions completely determine the causal wedges associated with both states;
therefore A(ρA) = A(τA) which implies χA(ρA) = χA(τA).
(B8) The one-point entropy of a Cauchy surface vanishes for certain collapsed
black holes: Consider a classical spacetime which is perturbatively close to vacuum
AdS for a time 0 ≤ t ≤ Tpert. Let Ct be a family of boundary Cauchy surfaces and
let M be the boundary region between C0 and CTpert . Let Tpert be large enough that
J+bulk[M] ∩ J−bulk[M] contains a bulk Cauchy surface Σ (see Fig. 4). Let the set of
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all such states be called Rχ=0. The reconstruction results explained in (B7) imply
that the classical Cauchy data on Σ (and therefore the entire bulk spacetime) can
be reconstructed from the boundary one-point functions in M.13 Thus, the one-
point entropy S
(1)
Ct (ρCt) counts all states which correspond to this bulk geometry in
the correspondence limit. This quantity is precisely what is calculated by the Ryu-
Takayanagi entropy SCt(ρCt) so
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S
(1)
Ct (ρCt) = SCt(ρCt) = 0. (4.9)
Now, by construction ∂+Ct and ∂−Ct do not intersect. This means that χCt = 0, and
so
S
(1)
Ct (ρCt) = χCt = 0. (4.10)
In [60–62] it is shown that AdS is perturbatively unstable to black hole collapse. Thus
almost all of the solutions we have considered will become black holes at late times.
The physical interpretation of χCt = 0 for these states is that the one-point entropy is
sensitive to the boundary data in the CFT, prior to the time that the state thermalizes.
4.3. Comparison with other coarse-grained entropies
We begin this section by showing that for the class of perturbative states Rχ=0 considered
in (B8), S(1) is the strongest, classical χ-preserving coarse grained entropy. The key feature of
the states Rχ=0 are i) that there is a one-to-one map between boundary one-point functions
and bulk causal wedges Ct and ii) that SCt = 0 = χCt .
Since each classical state in Rχ=0 is its own coarse graining, it follows that S
(1) is χ-
preserving and classical over Rχ=0. Next, consider a stronger χ-preserving coarse graining
S˜  S(1). If S˜ 6≡ S(1) then there must exist at least O(N2) classically distinguishable bulk
wedges (i) that satisfy the constraints of S˜ for some classical state ρCt . All of these causal
wedges have the same (vanishing) von Neumann entropy by the inequality SCt ≤ χCt = 0,
therefore the coarse-grained state σCt must be a mixture of the states dual to the (i). In
13 Note that by invoking (B7) we are implicitly assuming that the coarse grained state is perturbatively close
to original state. This seems plausible at least for some class of small perturbations.
14 Recall from section 3.2 that we are only interested in the order N2 pieces of S and S(1).
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other words, σCt is not classical and so S˜ is not classical over Rχ=0. Therefore there is no
stronger, classical χ-preserving coarse graining than S(1) over the states Rχ=0.
Note that by (B6) and (B7), S(1) is also χ-preserving and classical in the perturbative
regime for states with χ > 0. However, it is no longer trivial to show that any stronger χ-
preserving coarse graining is nonclassical. Still, we conjecture that the obstacles to extending
our argument are technical and that in fact S(1) is the strongest such coarse graining in this
perturbative regime (in which we maximize entropy subject to the assumption that σ is
perturbatively close to ρ).
Throwing all caution to the winds, we conjecture that S(1) continues to be the strongest
classical χ-preserving coarse graining non-perturbatively. One can explore this question in
classical general relativity, by asking if the bulk reconstruction results discussed in (B7)
extend to the non-perturbative regime. If not, it seems likely that the one-point functions
do not fix χ, in which case our conjecture S(1) = χ can only work perturbatively. In this
case, it would be of interest to attempt to construct the strongest, classical χ-preserving
coarse graining explicitly (if it exists) and see if it is a candidate for the dual of χ.
So, since we are not certain that S(1) is classical and χ-preserving, it is worth considering
if any weaker coarse graining might be viable. One possibility is to consider a coarse-grained
entropy S(2) ≺ S(1) which constrains all one- and two-point functions. However, we can show
that S(2) is inconsistent with the additivity property (B1). Let A and B be two spherical
regions on the vacuum AdS boundary, separated by a small spacelike gap. For such regions
the fine-grained entropy is subadditive: SA∪B ≤ SA + SB.
By (B4) we know that S
(1)
A (ρA) = S
(2)
A (ρA) = SA(ρA) and similarly for B. However, the
two-point functions connecting regions A and B do not vanish, therefore σ(1)A∪B 6∈ T (2)A∪B(ρA∪B)
(see (B1)). So, by (3.5) we have
S
(2)
A∪B(ρA∪B) < S
(2)
A (ρA) + S
(2)
B (ρB). (4.11)
Since the fine-grained entropy is subadditive at order N2 we presume that S(2) is as well.
One could try to evade this problem by strengthening S(2). Consider a coarse graining S(2♦)
which constrains all one-point functions and those two-point functions for which both points
are causally connected (c.f. [63]). Now, S(2♦) manifestly satisfies the additivity property (B1).
However, consider the states ρgeon and ρthermal discussed in (B2). These states have the same
one-point functions but different two-point functions, therefore, ρthermal 6∈ T (2♦)(ρgeon). It
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then follows from (3.5) that for a Cauchy surface C
S
(2♦)
C (ρgeon) < S
(1)
C (ρgeon) = χC. (4.12)
Assuming as above that this difference is of order N2, this rules out S(2♦) and any weaker
coarse graining as the dual of χ.
Another conceivable weaker coarse graining might constrain all of the one-point functions
and all Wilson loops. However, Wilson loops are dual to extremal surfaces in the bulk
geometry [64] and extremal surfaces can lie outside of A [65], in obvious tension with (B6).15
It is also conceivable that some incomparable coarse graining Sˆ ‖ S(1) that combines par-
tial data about the one-point functions and partial data about more complicated operators
produce a candidate for the dual of χ. However, this type of construction seems likely to suf-
fer from at least some of the shortcomings of both the stronger and weaker coarse grainings
considered above.
Freivogel and Mosk have put forward a different kind of proposal for the dual of χ [40].
Let D[A] be a simple causal diamond (i.e. it takes the form J−(p)∩J+(q) where p and q are
points) on a conformally flat boundary metric. The region D[A] thus has a time-translation
conformal Killing vector ξ. Now let U = exp(−iHt) be the unitary operator corresponding
to the flow with respect to ξ. The proposal of [40] is that for such regions, χA = S˜A(ρA),
where
S˜A(ρA) = SA
(∑
i
PiρAPi
)
, (4.13)
and the Pi above are projection operators onto the eigenbasis of the operator H. If ρA is a
thermal state with modular Hamiltonian H then S˜A(ρA) = SA(ρA), which reproduces the
result (B4) above. Note that the projection PiρAPi removes all off diagonal elements in the
H basis, which makes the resulting state time independent. This corresponds to a coarse
graining in which the constraints {Om} consist of all functions of H.
The projection (4.13) is equivalent to taking a time average of the state ρA, which we call
ρ¯A. Unfortunately, this implies that it is not dual to χ. For consider an out of equilibrium
state ρA which eventually (for very early and late modular times t) settles to an equilibrium
15 On the other hand, it has been argued [66, 67] that this duality is only valid in appropriately analytic
spacetimes, and therefore it is not straightforward to draw inferences about causality. So, this tension
might have a resolution.
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state. Let us suppose that in the bulk dual, this area of the future horizon at late times
is equal to Afinal, as is the area of the past horizon at early times. By the second law of
horizons, χ(ρA) < Afinal/4GN . But inside of A, the time average of this bulk state is a
stationary horizon with area Afinal. Hence χ(ρ¯A) = Afinal/4GN , so χ(ρA) < χ(ρ¯A) and the
coarse graining S˜ is not χ-preserving.16
4.4. Possible tests of S(1) = χ
While there is a great deal of data describing the behavior of χ in complex circumstances
(see [24, 25]), S(1) seems to be much less amenable to numerical calculation. To test the
conjecture, one may wish to look for aspects of S(1) (such as its divergence structure) which
may be easy to calculate.
An even better strategy for testing S(1) = χ might be to identify circumstances in which
our conjecture can be tested entirely within general relativity. If two solutions exist with
the same one-point functions and different values of χ, then this would show that S(1) is not
χ-preserving and therefore not the dual of χ. Since the one-point functions correspond to the
asymptotic values of classical fields, this leads to predictions about the allowed spacetimes
on the bulk side.
Below we list a few special regimes in which it might be particularly easy to construct
tests of our conjecture.
(C1) Spherical symmetry: One strategy for finding solutions with the same one-point
data is to exploit Birkhoff’s theorem, which states that any spherically symmetric
solution to general relativity with compactly supported matter will have one-point
functions which are identical to AdS-Schwarzschild.
Now it is certainly possible to construct initial data that is spherically symmetric and
has compactly supported matter. However, evolving such initial data will generally
lead to radiation which will propagate to the AdS boundary in finite time. If this
radiation can be suppressed in such a way that the presence of some matter alters χA
but no radiation reaches D[A], such a spacetime would be a counterexample to our
conjecture that S(1) = χ. There are several no-go theorems in general relativity that
16 We owe this argument to Don Marolf.
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forbid “horizonless solitons” (see e.g. [68] and references therein); however because the
radiation only needs to be suppressed for a finite time these theorems are not sufficient
by themselves to protect our conjecture.
In particular it would be interesting to attempt to construct such a solution using
branes which have vanishing back reaction on the spacetime in the N → ∞ limit.17
Even though it is possible to construct spherically symmetric branes in AdS these
branes are still localized on the compact dimensions and therefore may radiate via
Kaluza-Klein modes.
(C2) Null shock waves: Another approach to constructing counterexamples is to study
null shock waves which pass through A but which do not have an endpoint on D[A].
In [71] it is shown that the effect of such shock waves on the boundary one-point
functions is heavily suppressed. Thus it may be possible to bound the change in S(1)
caused by these shock waves and compare it with the associated change in χ.
(C3) Generic coarse grained states: Consider a generic boundary region A and associ-
ated with a bulk causal wedge A. By (B6) arbitrary perturbations outside of A will
not affect S
(1)
A or χA but they will generically change SA. Now, by [10] we must have
SA < χA for smooth generic spacetimes satisfying the null energy condition. However,
if χA − SA can be made arbitrarily small then continuity would imply that if S(1) is
classical, then it is dual to χ.
Another approach would be to construct non-smooth spacetimes for which SA = χA
exactly. Such spacetimes are reminiscent of the “disentangled” Rindler wedges con-
sidered in [72]. There it was shown that the Rindler horizons become singular when
the entanglement between the two regions is no longer maximal. These disentangled
wedges could serve as a model for more general coarse grained states.
(C4) Comparing divergences: Freivogel and Mosk [40] have calculated the logarithmi-
cally divergent piece of χA for arbitrary regions A on a flat boundary in D = 4
spacetime dimension. They find that this logarithmic divergence is universal (i.e.
independent of the state and the regulator) and that it cannot be expressed as an
17 Another intriguing possibility would be to study the Coulomb branch solutions considered in [69, 70].
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FIG. 5. Matter reflecting off the AdS boundary. The solid line to the right represents the AdS
boundary and A is a spherical region (see (C5)).
integral of local geometric boundary quantities. This means that unlike SA, the diver-
gent terms in χA are not dominated by vacuum correlations. A greater understanding
of coarse-grained states could allow comparison between the divergences of S(1) and
those of χ. (Note that if σ is a classical state, it must generically be nonsmooth at
the causal surface, as shown in (C3). It is not surprising therefore that its divergences
might differ from that of ρ.)
(C5) Reflecting matter off the AdS boundary: Consider a spherical region A on the
boundary of vacuum AdS. The reduced density matrix associated with this region is
the thermal state ρA (see (B4)). Now consider a state ρ¯A = e−iJρAeiJ where J is a
source operator. The spacetime associated with such a state will (for an appropriately
chosen J) have a matter field bouncing off the AdS boundary (see Fig. 5).
Since the von Neumann entropy is preserved by unitary transformations and since
ρA is thermal we know that S(1)(ρ¯A) ≥ S(1)(ρA). Furthermore ρ˜A does not have the
same one-point functions as ρA so it is unlikely that S(1)(ρ¯A) = S(1)(ρA) for general U .
Similarly, we know that χA(ρ¯A) > S(1)(ρA). It is conceivable that the state ρ¯A and
its dual geometry could be constructed in sufficient detail to allow a precision test of
S(1) = χ.
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(C6) Almost-complete Cauchy slices: Consider an eternal black hole in D ≥ 4 space-
time dimensions and consider the quantity ∆SA = SA(ρA) − SAC (ρAC ). It is well
known that
lim
AC→∅
∆SA = SBH , (4.14)
and in fact ∆SA = SBH even when AC is sufficiently small but finite. In [73] this
leveling off of ∆SA is referred to as the entanglement plateaux.
But for the causal surface, there is no plateaux. If we now consider ∆χA = χA − χAC
we find that
lim
AC→∅
∆χA > SBH , (4.15)
even though (B4) says that χA = SBH when AC = ∅. This means that ∆χA jumps by
a finite amount right when A becomes a complete Cauchy surface! This effect is due
to the red shift at the horizon, which prevents the causal surface from approaching
arbitrarily close to the event horizon (Fig. 6(a)). Can S(1) also jump in the same way
(in the large N limit)? If not, then our conjecture that S
(1)
A = χA would be falsified.
Our conjecture requires that for arbitrarily small but finite AC , there must exist a
state σA in A that has the same stress tensor Tµν as the eternal black hole, and has
entropy SA(σA) = S
(1)
A (ρA). If we assume that S
(1) is classical, then we can look for
such states entirely within classical general relativity. An interesting candidate state
can be constructed by patching the region A to a Schwarzschild black hole. Consider
such a state with a time reflection symmetry on a Cauchy surface C which contains A.
The horizon of this boundary black hole will extend into the bulk in a manner which
might resemble a non-stationary black funnel-like spacetime sketched in Fig. 6(b)
(see [74, 75]).18 As noted in (C3), σA cannot be smooth, however, it is possible that
the required patching of the black hole disrupts the smoothness of the bulk geometry.
If it could be shown that such a solution exists and has SA(σA) = SA(σA) = S
(1)
A (ρA)
this would provide a nontrivial check on our proposal.
18 This solution can only exist if the one-point functions do not uniquely specify A non-perturbatively.
Another interesting candidate for σA is the related black droplet solution.
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FIG. 6. (a) A sketch of a t = constant slice of the AdS-Schwarzschild solution. Even for very small
AC , χA does not approach SBH . See [25] for a precise diagram. (b) A bulk Cauchy surface of the
(non-stationary) black funnel-like geometry discussed in the text. The reduced density matrix on
A is a candidate for a coarse graining of ρA.
5. THE FUTURE ONE-POINT ENTROPY
5.1. Motivation and definition
Consider a pure state in AdS which, after some time, collapses to a black hole and rings
down. The HRT proposal assigns such a state zero entropy even at arbitrarily late times. It
is appropriate that a fine-grained notion of entropy should assign such a state zero entropy
since the initial state is pure, and unitary evolution does not alter the entropy. However,
since this state is asymptotically stationary, at late times it is externally indistinguishable
from an eternal black hole, which has a nonzero Bekenstein-Hawking entropy. It is therefore
tempting to apply the HRT proposal to the eternal black hole geometry, in order to calculate
an approximate coarse-grained entropy.
Returning to the collapsing geometry, not only does the HRT entropy vanish for a Cauchy
surface C, but so do χC and S(1)C (at least in the cases considered in (B8)). We attribute
this to the fact that the domain D[C] over which we coarse grain extends far into the past
into the pre-thermalization region, when the geometry could easily be distinguished from
a black hole. While this is all perfectly consistent, it is not typically what is meant by a
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coarse-grained entropy, since it does not allow for thermalization.
Another feature that S(1) lacks that we might expect from a coarse-grained entropy is an
interesting second law. Technically S
(1)
A satisfies a second law (just like SA), however only
in the trivial sense that
∂t
(
S
(1)
At
)
= 0 (5.1)
where At is a foliation of D[A] parameterized by t.
Motivated by the above concerns, we propose a new set of bulk and boundary quantities
which we call the ‘future causal information’ φA and the ‘future one-point entropy’ S
(1)
A (ρA).
We define
S
(1)
A (ρA) = sup
τA∈T+A
[SA(τA)] (5.2)
where T+A is the set of all density matrices which satisfy the constraints
Tr[OmρA] = Tr[OmτA] (5.3)
where now the {Om} in (5.3) are the set of all one-point functions of the fields with support
only on D+[A].
We conjecture that in the absence of boundary sources, and in the correspondence limit
of section 3.2, the bulk dual of S
(1)
A is given by
S
(1)
A = φA :=
Area[ΦA]
4G
, (5.4)
where ΦA is the codimension-two surface (see Fig. 7)
ΦA := ∂+A ∩ ∂−(J+bulk[A]). (5.5)
To summarize we have formed a new conjecture by modifying our old conjecture in two
ways: the operators Om are now supported on D+[A] only as opposed to D+[A] ∪D−[A],
and the associated bulk surface is ∂+A ∩ ∂−(J+bulk[A]) as opposed to ∂+A ∩ ∂−A. We
have again restricted our conjecture to theories without boundary sources for the reasons
given in appendix B.
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FIG. 7. A sketch of the construction of ΦA described in the text. D[A] is the boundary domain of
dependence of A and ΦA extends into the bulk (see text).
5.2. Properties of the future one-point entropy
Note that lemma (L1) and properties (A2) and (A3) still apply to S(1). However, (A1)
no longer applies, since S(1) now depends on the choice of A, not just on D[A]. In addition
S(1) has the following properties:
(D1) The future one-point entropy equals the one-point entropy if A is its own
past: If A = D−[A] then D+[A] = D[A], and it follows that S(1)A = S(1)A . In this case
we also have φA = χA. Thus if S(1) = φ then it follows immediately that S(1) = χ.
(D2) The future one-point entropy is additive for spacelike separated regions:
Consider two spacelike separated regions A and B for which D+[A]∩D+[B] = ∅. Now
if D+[A] ∩D+[B] = ∅ then it immediately follows that D[A] ∩D[B] = ∅. Therefore,
exactly as in (B1), we can consider the state ρA⊗ρB which differs from ρA∪B by corre-
lations between A and B. Since the constraints are not sensitive to such correlations
we obtain σA∪B = σA ⊗ σB and
S
(1)
A∪B = S
(1)
A +S
(1)
B . (5.6)
Since D[A] ∩ D[B] = ∅, boundary causality requires that there are no bulk causal
curves connecting D+[A] and D+[B]; hence
φA∪B = φA + φB. (5.7)
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(D3) The future one-point entropy obeys a non-trivial second law: Let A and B
be two surfaces such that D[A] = D[B] and let B lie nowhere to the past of A. Then
S
(1)
A ≤ S(1)B (5.8)
due to the fact that the latter coarse graining has fewer constraints.
This matches the classical second law of causal horizons [28], which says that for any
causal horizon,
φA ≤ φB. (5.9)
In the case where C is a Cauchy surface, φC corresponds to a slice of the global event
horizon. In the case where D[A] is a simple causal diamond, it corresponds to slices
of an AdS-Rindler type causal horizon [29]. In the most general case, it corresponds
to the boundary of the past of some set of points Z on the AdS-boundary. This is
a slightly more general notion of causal horizon than that considered by [29] (which
required the causal horizon to be the boundary of the past of a single future-infinite
worldline) but it still obeys a second law [76].
Note that although every choice of boundary slice B ∈ D[A] maps to some slice φB of
the causal horizon, the map is neither one-to-one, nor onto. If the null surface shot
out from B develops caustics before intersecting the future horizon, then it is possible
to modify parts of B without affecting φB. Similarly, for any given slice φ there is no
guarantee that there exists any dual choice of B, since a null surface shot out from
φ may also develop caustics. Nevertheless it is remarkable that, if our conjecture is
true, there exists an infinite-dimensional family of slices of the future horizon, whose
(geometrical) bulk second law is dual to a (thermodynamic) boundary second law.
(D4) The future one-point entropy is a stronger coarse graining than the one-
point entropy: Since the maximization associated with S
(1)
A involves fewer con-
straints than that associated with S
(1)
A , it follows that
S ≺ S(1) ≺ S(1), (5.10)
where we have also used (A2). Similarly from (D3) we have
S ≤ χ ≤ φ. (5.11)
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(D5) The future one-point entropy thermalizes: Let Ct be a foliation of Cauchy sur-
faces of a spacetime that starts as a small perturbation to AdS, but ultimately settles
down to one or more black holes. At early times, by (D1), we recover
lim
t→−∞
S
(1)
Ct (ρCt) = S
(1)
Ct (ρCt) = 0. (5.12)
But at late times, the black holes ring down and the field theory state thermalizes. In
particular the one-point functions approach those of a thermal state, and we obtain
lim
t→∞
S
(1)
Ct (ρAt) = SCt(ρthermal) = SBH . (5.13)
In the bulk geometry it follows from the causal structure of the spacetime that
lim
t→−∞
φCt = 0, lim
t→∞
φCt = SBH . (5.14)
Again, we have used the limiting procedure of section 3.2 to exclude Poincare´ recur-
rences from our analysis.
There are also spacetimes which remain perturbatively close to AdS even at late times
(see e.g. [77]), for which φCt = 0 for all t. By the bulk reconstruction argument of (B8)
these are precisely the state for which we would expect to have S
(1)
Ct = 0 for all t as
well, since the entire bulk geometry can be reconstructed from one-point functions
even at late times.
(D6) The future one-point entropy reduces to the fine-grained entropy for states
which are thermal with respect to geometric flows: By (B4), if A is a spherical
region of the boundary of vacuum AdS, a BTZ black hole, or a Cauchy surface of an
eternal black hole, then
SA(ρA) = S
(1)
A (ρA) = S
(1)
A (ρA). (5.15)
This is also true for the associated bulk quantities even though ΦA 6= EA = ΞA.
This is because in each of these special cases, the future and past horizons of D[A]
are stationary. As a result, ΦA is connected to ΞA by a null congruence with zero
expansion, so that χA = φA.
(D7) The future one-point entropy is bounded by a thermal entropy: Just as
in (B5), for any region A if ρthermal is a thermal state with modular Hamiltonian
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H ∈ {Om} satisfying 〈H〉ρA = 〈H〉ρthermal then
S
(1)
A (ρA) ≤ S(1)A (ρthermal). (5.16)
However, now we find that this bound is saturated not just by eternal black holes, but
also by collapsed black holes in the limit that A sufficiently far to the future of the
formation of the event horizon.
It is worth emphasizing again that if our conjecture S(1) = φ is correct, then the ther-
modynamic second law of S(1) of (D3) is the bulk dual of the Hawking area increase the-
orem [28], as applied to certain kinds of causal horizons [29, 76]. In this way our proposal
provides a quantum mechanical interpretation of the area law in terms of a thermodynamic
second law in the boundary theory.
5.3. Generalization to arbitrary boundary regions
The generalization of χ to φ suggests a further generalization to more general bulk wedges.
Consider two regions A− and A+ which have the same domain of dependence D[A−] =
D[A+] and for which A+ is everywhere to the future of A−, i.e. A+ ∈ J+[A−]. A natural
generalization of (5.5) is then to consider the surface (see Fig. 8)
ΨA−,A+ = ∂+(J
−
bulk[A+]) ∩ ∂−(J+bulk[A−]). (5.17)
Based on our previous experience it is tempting to conjecture that ψ := Area[Ψ]/4GN is dual
to a coarse-grained entropy S(1) whose constraints {Om} are all one-point function supported
in the region J+[A−] ∩ J−[A+]. However, this proposal meets with serious difficulties right
away.
Let C− and C+ be two Cauchy surfaces on the boundary of the AdS vacuum so that the
region between C− and C+ forms a strip. The constraints associated with this strip include
the total energy of the spacetime, which vanishes for vacuum AdS. Since the AdS vacuum
is the unique state in the theory with E = 0, it follows that S(1)C−,C+ = 0 for any choice of C−
and C+. Yet in the bulk, we have ψC−,C+ = 0 only if C− and C+ are separated by an AdS
light crossing time or more. Therefore, we find that ψC−,C+ > S
(1)
C−,C+ for certain choices of
C−, C+.
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A−
A+
ΨA± D[A±]
A
D[A]ΞA
∂+!A
∂−!A
1
FIG. 8. A sketch of the construction of ΨA−,A+ described in the text. D[A−] = D[A+] is the
boundary domain of dependence of A± and ΨA−,A+ extends into the bulk (see text).
It is hard to imagine how we might modify S(1) in order to make a credible candidate
for the dual of ψ. One possibility is to introduce finite imprecision into the constraints,
roughly as proposed in footnote 8. In particular we would need to the precision to depend
on the width of the strip. This is in some ways reminiscent of the Heisenberg uncertainty
principle, which limits the precision with which the energy can be measured by coupling
to a classical system for a finite time. Bounds of this kind were found in the “holographic
thought experiments” of [78]. However, it is unclear how to translate these ideas into a
precise proposal for the dual of ψ.
A very different way of interpreting ψC−,C+ is put forward in [63, 79]. Balasubramanian
et. al. propose that ψC−,C+ measures the entanglement between spatial regions separated
by ΨC−,C+ , which in the field theory roughly translates to entanglement between UV and
IR degrees of freedom. It would be very interesting to know if this entanglement entropy
could be formulated as a coarse-grained entropy which preserves the appropriate IR degrees
of freedom.
6. DISCUSSION
In summary, we have examined two coarse-grained entropies S(1) and S(1) in detail and
found that they are plausibly dual to the causal holographic information χ and the future
causal information φ, respectively. We have tested these conjectures by finding shared
properties, and eliminating several classes of alternate proposals.
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The evidence for our conjectures includes that i) both S(1) and S(1) are additive, as are
their bulk duals (see (B1), (D2)), ii) S(1) = χ and S(1) = φ for thermal states and for the
pure geon state (see (B2), (B4), (D6), (D7)), and iii) in certain circumstances, the classical
bulk spacetime can be reconstructed from the one-point functions (see (B7)), as discussed
below. Additionally, for the future one-point entropy, iv) S(1) obeys a second law (see (D3)),
and thermalizes in a way which correctly reproduces the early and late time entropy of a
collapsing black hole (see (D5)).
Assuming that the dual of χ is a member of a particularly nice class of coarse grainings,
we can show that it must be the strongest such coarse graining. This class consists of those
coarse-grainings which preserve χ and map classical states to classical states. If the dual
of χ belongs to this class, then (at least for these classical states) it must be the strongest
possible such coarse graining, at order N2. In certain perturbative contexts, we have shown
that S(1) does indeed belong to this class, and for the states Rχ=0 considered in 4.3 we have
also shown that it is the strongest. Even for perturbations to geometries with χ > 0, the
bulk reconstruction theorems discussed in (B7) suggest that it is still the strongest.
Our conjecture is on more dubious ground non-perturbatively, but we have identified
situations in which it can be tested using classical general relativity. Several tests (some of
which are non-perturbative) are listed in section 4.4. We believe that experts will be able
to falsify or confirm our conjecture using existing analytic and numerical methods.
The most striking feature of S(1) is that it obeys a nontrivial second law (cf. (D3)). This
allows us to describe the thermalization of CFT states, in a way which—if our conjecture
is correct—is dual to the Hawking area theorem in the bulk. However, the second law is a
general feature of any coarse graining based on maximizing entropy subject to diminishing
constraints. So this property is not unique to the one-point constraints. However the bulk
reconstruction theorems tell us that the one-point entropy thermalizes in a way which is
qualitatively similar to the collapse of a black hole as argued in (D5).
Finally we note that even though we have only analyzed the coarse-grained entropies S(1)
and S(1) in the correspondence limit, these quantities are well defined at finite N , if one
includes all local operators as prescribed in section 4.1. Are there still nice bulk duals for
these quantities?
One can start by looking at the semiclassical regime. In the boundary, this corresponds
to taking the N →∞ limit, yet keeping terms subleading in N . In this regime, the area of
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the HRT must be surface be corrected by adding a term which equal to the entanglement
entropy across the surface [80]. In other words, S on the boundary is dual to the generalized
entropy of the HRT surface.
It is natural to suppose that χ and φ must be corrected in the same way. Note that
φ no longer obeys a second law because quantum matter fields can violate the null energy
condition. However, S(1) still obeys a second law, and so does the generalized entropy
associated with φ [81]. But unlike χ and φ, the generalized entropy is not additive. Perhaps
this proposal can be saved by restricting to connected boundary regions, or by including
higher-point functions at finite precision in N (cf. footnote 8).
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Appendix A: χ-preserving coarse grainings
As mentioned in section 3.3, it is natural to ask if the restriction of (3.17) to states with
classical coarse grainings can be dropped. In this appendix we show that the answer to this
question is no.
Consider a coarse graining with the single constraint that 〈χˆ〉 be held fixed, where 〈χˆ〉
is some linear quantum expectation value which equals χ for classical states. This coarse
graining, which we call S(χˆ), cannot be the dual of χ. Consider any Cauchy surface C and
state ρC for which χC = 0. The entropy S
(χˆ)
C (ρC) counts all states for which χC = 0. Because
the volume of AdS is infinite, there are an infinite number of such states even at finite N .
Therefore S
(χˆ)
C (ρC) diverges (beyond the usual N
2 divergence) in the correspondence limit.
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S(χˆ) is therefore pathological since it assigns infinite entropy to a pure state. However, we
can easily tame this divergence by adding a second constraint
〈∫
Ttt
〉
, which for a Cauchy
surface C is simply the total energy E of the spacetime. Call this new coarse-grained entropy
S(χˆ,E). Now the state counting for ρC includes all ways to collapse a black hole of a particular
energy, including very slow collapses (e.g. the time reversal of Hawking evaporation for a
sufficiently small black hole). This quantity is finite but still of order N2, which implies
S
(χˆ,E)
C (ρC) > χC. (A1)
We have not violated the inequality (3.17) because (3.17) only holds when the coarse-grained
state σC is classical. However, all of the classical states satisfying the constraints of S(χˆ,E)
have the same (vanishing) von Neumann entropy (since SC ≤ χC = 0 for all such classical
geometries). Hence the coarse graining σC is a mixture of an infinite number of classically
distinguishable states, and therefore it is non-classical.
Appendix B: Boundary sources
As mentioned above, we only conjecture that χ is dual to a coarse-grained entropy for
theories with time-independent Hamiltonians (i.e. in the absence of boundary sources). We
now explain the reason for this restriction.
Let S be any coarse graining and let ρA be any state which satisfies the conditions of (L1)
so that SA(ρA) = SA(ρA). An important feature of (L1) is that nothing is assumed about
the time evolution of ρA within D[A], except that it is unitary. It therefore applies even if
we insert boundary sources, which can potentially increase χA.
This would lead to a contradiction in situations where H ∈ {Om}, since we can always
add or remove boundary sources to achieve SA(ρA) < χA(ρA) (see Fig. 9).
This includes the case in which A is a Cauchy surface and the bulk geometry is a sta-
tionary black hole. In this case the modular Hamiltonian is a linear combination of energy,
angular momentum, gauge charges, etc. It is hard to imagine a χ-preserving coarse graining
which does not constrain any of these quantities, and yet which does not suffer from the
same problems as S(χˆ,E) (see appendix A). For this reason we will restrict our attention to
theories without any boundary sources turned on.
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AEA ΞA
(a)
χA = SA
AEA ΞA
(b)
χA > SA
AEA ΞA
(c)
χA > SA
3
FIG. 9. Various insertions of sources on the vacuum AdS boundary. In each figure the solid
line to the right represents the AdS boundary and A is a spherical region. (a) By causality EA is
unperturbed by the sources however ΞA is moved due to focusing of light rays (shown schematically
by the dashed lines). However this focusing does not change χ since the past horizon has vanishing
expansion. (b) An ingoing and outgoing source which gives χA > SA = S
(1)
A .
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